characterization of the PQL-property in the class of algebraic extensions of global fields, which yields the following (see [4, Sects. 1 and 2] and the references there):
(1.2) (i) For each G ∈ (Fin \ Nil) , there exists an algebraic extension E(G) of Q , which is strictly PQL and has a Galois extension M(G) with G(M(G)/E(G)) ∼ = G and N(M(G)/E(G)) = N(M(G)/E(G)) Ab ;
(ii) If E is an algebraic PQL-extension of a global field E 0 , then Br (E) embeds in Q/Z . Also, R/E is a finite extension, then N(R/E) = N(Σ/E) , for some Σ ∈ Ω(E) (when E is strictly PQL, uniquely determined by R/E ).
The purpose of this paper is to present two main results which shed an additional light on (1.1) and (1.2), and solve the above-noted problem for Brauer groups of quasilocal nonreal fields. The first one is stated as follows: Theorem 1.1. Let E be a quasilocal field and R a finite extension of E in E sep . Then N(R/E) = N((R ∩ E Ab )/E) in the following two cases:
(i) The map ρ E/M is surjective, for some M ∈ Gal(E) including R ;
(ii) There exists a field Φ(R) ∈ Ω(E) , such that N(Φ(R)/E) ⊆ N(R/E) .
Theorem 1.1 is proved in a more general form used in [5] for describing the norm groups of finite separable extensions of SQL-fields with Henselian discrete valuations.
Our second main result shows (with Proposition 2.4 (i)) that an abelian torsion group T is isomorphic to Br (E) , for some nonreal PQL-field E , if and only if T is divisible (for the formally real case, see Remark 5.4 (i)); this specifies observations at the end of [28, Sect. 3] . When T is divisible, it asserts that E can be chosen from the class of quasilocal fields. Before stating it, let us note that a nonempty class χ ⊆ Fin is called abelian closed, if χ is closed with respect to taking subgroups, homomorphic images, finite direct products, and group extensions with abelian kernels. Theorem 1.2. Let E 0 be a field, T a divisible abelian torsion group, T 0 a subgroup of Br (E 0 ) embeddable in T , and let χ and χ ′ be subclasses of Fin , such that
Assume also that any class χ , χ ′ is abelian closed unless it equals
Nil . Then there exists a quasilocal and nonreal extension E = E(T) of E 0 with the following properties:
(i) Br (E) ∼ = T , E 0 is separably closed in E , ρ E/E 0 maps T 0 injectively into Br (E) , and each G ∈ Fin is realizable as a Galois group over E ;
(ii) For each finite extension R of E in E χ , N(R/E) = N(R/E) Ab ; moreover, if χ = Nil , then ρ E/R is surjective; 
Theorem 1.2 (i)-(ii)
, applied to the case of χ = Fin and T 0 = Br(E 0 ) , provides fieldtheoretic tools effectively replacing the machinery of group cohomology, in working with Brauer and character groups of fields (see the proofs of Propositions 2.5 and 4.1). In addition, it implies the following:
(1.3) For each divisible abelian torsion group T , there is a quasilocal field E , such that Br (E) ∼ = T , all G ∈ Fin can be realized as Galois groups over E , and N(R/E) = N(R/E) Ab , for every finite extension R of E in E sep .
The assertions of Theorem 1.2 in the cases of χ ′ = Nil and (χ = Nil , χ ′ = Fin) , yield the following:
(1.4) For each divisible abelian torsion group T , there exist quasilocal fields E 1 and E 2 with Br (E i ) ∼ = T , i = 1, 2 , and such that:
(i) Finite groups are realizable as Galois groups over E 1 and E 2 . Moreover, N(M/E 1 ) = N(M/E 1 ) Ab whenever M ∈ Gal(E 1 ) and G(M/E 1 ) ∈ Nil .
(ii) For each G ∈ (Fin \ Nil) , Gal (E 2 ) contains fields M(G) 1 is quasifinite, then G F is prosolvable of very special type (see [6, (2.1) and Remark
4.7]
). These facts and the topological interpretation of Theorem 1.2 given at the end of Section 6 allow one to appreciate from an algebraic point of view the NeukirchPerlis generalization of LCFT, and without artificial limitations, to incorporate it in the study of quasilocal fields and other related areas.
Here is an overview of the paper: Section 2 includes preliminaries used in the sequel. 
Preliminaries
(2.1) Let E be a field and Nr (E) the set of norm groups of finite extensions of E in E sep . We say that E admits (one-dimensional) LCFT, if the mapping π: Ω(E) → Nr(E) , by the rule π(F) = N(F/E): F ∈ Ω(E) , is injective, and
(iii) R embeds in D as an E -subalgebra if and only if [R: E]|ind(D) .
In what follows we shall also need the following results: (2.2) Let E , R and p satisfy the conditions of Proposition 2.4. Then: Let now E be a field and F a finite extension of E in E sep . In what follows, r E/F will denote the restriction homomorphism C E → C F , whereas Cor F/E and cor F/E will denote the corestriction homomorphisms of Br (F) and C F into Br (E) and C E , respectively. It is well-known (cf. [15, Ch. 7, Corollary 5.3] ) that C F is an abelian torsion group and for each p ∈ P , C F (p) can be identified with the
Recall that for each χ ∈ C F , the fixed field L χ of the kernel Ker (χ) is cyclic over F ; we denote by σ χ the generator of G(L χ /F) induced by any F -automorphismσ χ of E sep satisfying the equality Because of its role in this paper, we prove it here using the assertions of Theorem
(i)-(ii)
, for the class Fin , T 0 = Br(E) and a divisible hull T of T 0 .
Proposition 2.5. With notation being as above, Cor F/E maps the similarity
Proof. The second part of Proposition 2.5 follows from Galois theory and the definition of cor F/E , so our objective is to prove the first one. Our argument relies on the following known statement (see, for example, [25, page 205] or [7, II, (3. 2)]):
Next we prove Proposition 2.5 in the following two cases:
The validity of our assertion in case (2.4) (i) can be easily deduced from (2.3), the definitions of Cor F/E and cor . Suppose now that χ ∈ D(C F ) , denote by F the normal closure of F in E sep over E , and fix a sequence
, for every index n ≥ 1 (where χ ′ 0 = χ ). Also, let χ n andχ n be the images of χ ′ n under r F/ F and cor F/E , respectively. By the restriction-corestriction formula (see [15, 
In view of (2.3) (applied to the triples ( F/F, χ n+1 , c) and ( F/E, χ n+1 , c) ), the choice of χ and the definitions of corestrictions of Brauer and character groups as well as their transitivity in towers of finite extensions, this yields cor F/E (χ For the rest of the proof of Proposition 2.5, it suffices to consider the special case to prove Proposition 2.5 under the extra hypothesis that E is quasilocal, the group X p (E) = {χ ∈ C E : pχ = 0} is infinite and ρ E/Ψ is surjective, for every Ψ ∈ Gal(E) .
By [7, II, Lemma 2.3] , then C(F(p)/F) has the following structure: 
This implies that C(F(p)/F) ⊆ Im r F/L as well. For each index j = 1, 2 , fix a character χ j ∈ C FW j so that pχ j = r F/(FW j ) (χ) , and putχ j = cor (FW j )/W j (χ j ) . By (2.4) (ii) and the preceding observation, the extension FW j /W j , χ j andχ j are related as required by Proposition 2.5, for each c j ∈ W * j . Note also that, by Proposition 2.4 (i), there exist elements ∆ j ∈ Br(F) and ∆ j ∈ Br(E) , such that
. Denote by ω j the unique FW j -automorphism of L χ W j extending σ χ . The p -quasilocal property of F and E (see [6, (4. 2) (iii)]) ensures that p∆ j and p ∆ j are the images of 3. p -primary analogue to Theorem 1.1 Let E be a field, E * n = {e n : e ∈ E * } , for any n ∈ N , and R a finite extension of E in E sep . For each p ∈ P , put R ∩ E Ab ∩ E(p) = R ab,p , denote by ρ p the greatest integer dividing [R: E] and not divisible by p , and let N p (R/E) be the set of those u p ∈ E * , for which the co-set u p N(R/E) is a p -element of the group
u ∈ N(R/E) Ab and p ∈ P , so Theorem 1.1 (i) can be deduced from the following result:
Theorem 3.1. Let E be a field and R a finite extension of E in E sep . Assume that finite extensions of E are p -quasilocal, for some p ∈ P . Then
in the following cases:
where e p is the exponent of the quotient group N(R ab,p /E)/N(R/E) ). Theorem 3.1 (ii) is proved by applying the following lemma to E , R and Φ(R) .
Proof. It is clearly sufficient to show that p does not divide the exponent e of (M ∩ R) 
where 
is proved.
Remark 3.3. Statements (1.2) (i) and (ii) indicate that the conclusion of Theorem 1.1 (ii) is not always true, if E is only a PQL-field.
Our next result characterizes the fields whose finite extensions are p -quasilocal for a given p ∈ P . It simplifies the proof of Theorem 3.1 and leads to the idea of constructing quasilocal nonreal fields by the method followed in this paper.
Proposition 3.4. In order that finite extensions of a field E are p -quasilocal, for some p ∈ P , it is necessary and sufficient that one of the following two conditions is fulfilled:
(c) p > 2 or E is nonreal, and for each pair
(cc) E is formally real, p = 2 and every formally real finite extension of E is Pythagorean; this occurs if and only if G E(
Proof. The special case where p > 2 or E is nonreal has been considered in [9, Sect. 3] , so we assume here that E is formally real. We prove the following statement:
Every finite extension L of E in E sep is 2 -quasilocal and has the properties required by Proposition 3.4.
One may assume for the proof of (3.1) that L = E . It follows from the noted proper-
in particular, L has the properties required by (3.1) and Theorem 3.1, for p = 2 . 
Observing further that Br (U) p equals the sum of Br (U/E) and this image, and that Br (U/E) has exponent dividing [U: E] , one proves that ρ E/U is surjective. Arguing in the same way, one obtains consecutively the surjectivity of the homomorphisms 
as claimed. For the proof of Theorem 3.1 (i) in the case of Br (E) p = {0} , we need the following lemmas.
and σ a generator of G(M/E) . Assume that p does not divide the index of
Proof. Our assumptions show that M ∩ E(p) = E , which reduces our assertion to a consequence of Proposition 2.5.
Lemma 3.6. With assumptions being as in Theorem
Proof. Clearly, one may consider only the special case of R = M = E and Br (E) p = {0} . Take G p and E p as in Lemma 3.5 and put [E p : E] = m p . We first show that
and therefore, Br (E p ) p preserves the nontriviality of Br (E) p . As E is p -quasilocal and Br (E p ) p = {0} , this means that E p admits local p -CFT. Hence, by (2.2)
This means that E * ⊆ N(M/E p ) , and since N
Lemma 3.7. With assumptions being as in Theorem 3.1, let M ∈ Gal(E) and
Proof. It is clearly sufficient to prove the lemma under the hypothesis that N(
, whenever E ′ and p satisfy the conditions of 
with C π n ⊂ G(M/E) a cyclic group of order π n , for some π ∈ P and n ∈ N . The centre of G(M/E) equals the subgroup of C π n of order π n−1 , and θ = p k , where k is the order of p modulo π .
It follows from (3.3) and Galois theory that [E p : E] = π n , where E p = M ∩ E Ab .
Hence, by Lemma 3.6, E * ⊆ N(M/E p ) and E * π
for every η ∈ E p , this also implies that c (i) There exists a nonreal SQL-field E such that G E is not pronilpotent but is metabelian and every finite extension R of E in E sep is subject to the alternative R ⊆ E Nil or N(R/E) = N(Θ/E) , for any Θ ∈ Ω(E) .
(ii) If E is a formally real SQL-field that is not real closed, then E Nil = E(
G E is metabelian, and finite extensions of E in E sep have the properties required by (i) (see [8] ).
On the relative Brauer group of function field extensions of arbitrary fields, associated with norm equations
The results of this Section form the technical basis for the proof of Theorem 1.2. The proof of the main one is obtained by the method of proving Proposition 2.5, using at crucial points (2.2) (i)-(ii) and known properties of tensor products of function fields of Brauer-Severi varieties and their transfers from finite Galois extensions (see [22] and [11, Theorem 1] , with its proof). It illustrates the fact that the applications of p -quasilocal fields to the study of Brauer groups do not restrict to the related area of stable fields with Henselian valuations (see Section 6), and to the corestriction mapping.
Proposition 4.1. Let E be a field, s ∈ N , and for each index j ≤ s , let c j ∈ E * ,
and Λ(M j /E; c) the fraction field of the quotient ring
the following properties: (i) Λ is a field in which E is algebraically closed;
(ii) The relative Brauer group Br (Λ/E) is generated by the similarity classes 
Hence, E is algebraically closed in Λ(M j /E; c j ) and Θ j is E -isomorphic to M j ⊗ E Λ(M j /E; c j ) , for each index j . This enables one to prove Proposition 4.1 (i) proceeding by induction on s .
(ii) It is easily seen that if s ≥ 2 , then Λ is E -isomorphic to ⊗ To simplify notation, we put further M 1 = M , c 1 = c , n 1 = n and X 1,u = X u , for u = 1, . . . , n . Also, we assume that the extensions of E considered in the rest of (ii) (for χ = Fin , T 0 = Br(E) ) and applying Theorem 1.1, one further reduces our considerations to the proof of the concluding assertion of the proposition. Suppose first that [M: E] = p , for some p ∈ P . We show that Br (Λ(M/E; c)/E) = {0} by proving the following assertion: 
is a group of automorphisms of R j whose fixed field, say N j , is E -isomorphic to Λ(R j /E; c) and satisfies the equality N j (S j ) = R j ( S j will be viewed as a standard generating set of R j /R j ). For the proof of the triviality of Br (Λ(M/E; c)/E) , we show (setting B 0 = Φ 0 = E ) that there exists a tower of 
Specifically, Z j,1 and the elements of S j,(j−1) form a transcendency basis of (R j T ′ j,(j−1) )/(R j Φ j−1 ) .
(ii) B j is a transfer from R j T j to T j of an extension B ′ j of R j T j isomorphic to a tensor product over R j T j of function fields of Brauer-Severi varieties defined over R j T j , and such that Br (B ′ j /(R j T j )) equals the image Γ j of the sum of the groups Br (Λ(M R j / R j ; s j ) , s j ∈ S j , under ρ R j /(R j T j ) . In particular, T j is algebraically closed in B j .
(iii) Br (B j /T j ) equals the image of Γ j under Cor (R j T j )/T j . Also, Γ j ∩ Br(B j−1 ) = {0} .
(iv) Φ j /B j is a p -quasilocal extension, such that B j is algebraically closed in Φ j and Br (Φ j /B j ) = {0} .
It is known that the tensor product over an arbitrary field M of function fields of Brauer-Severi varieties defined over M is a field in which M is algebraically closed.
Therefore, the first assertion of (4.3) (iii) and the second half of (4.3) (ii) are implied by the first part of (4.3) (ii) and the following known lemma (see [22, page 310 and Sect. 3] , and for a proof of its concluding assertion, [9, Sect. 4] ). [19, Sect. 15 .1]) guarantee that S j ⊂ N(I j B j /R j B j ) , for every cyclic extension I j of R j in M . As B j is separably closed in Φ j , this means that
, so it follows from Galois theory and the p -quasilocal property
, for each admissible j . These observations enable one to deduce (4.3) (i) from the following lemma.
, and the inductive hypothesis holds. Then Λ(L/R; ρ) is an R -subalgebra of a rational extension Ω ′ of R satisfying the following conditions:
and has transcendency degree p over R ; more precisely, Ω ′ equals the transfer from L to R of some rational function field The latter assertion of (4.3) (iii) can be deduced from the former one and the following lemma.
Lemma 4.4. With assumptions and notation being as in Lemma 4.3, let Θ R be the tensor product over R of the fields
) with its canonical R -isomorphic copy
and let Σ LΛ R be the sum of the groups
intersects trivially with Br (E) .
Proof. Considering, if necessary, E(t) , R.E(t) and L.E(t) instead of E , R and L , respectively, for some t ∈ P , t > 
with respect to the Zariski topology; [19, Sect. 14.7] ). When s = 1 , this yields the second assertion of the corollary. In view of (4.1) (with its proof) and the equality ρ E/R = ρ (R∩M)/R • ρ E/(R∩M) , the obtained result proves our second claim in general as well.
Proof of Theorem 1.2
Let E 0 be an arbitrary field. The existence of an extension E/E 0 with the properties required by Theorem 1.2 will be proved constructively by presenting E as a union of a certain chain of fields E n : n ∈ N , such that E n is algebraically closed in E n+1 , for every index n . It should be emphasized that the proof of Theorem 1.2 (i) and of the latter part of Theorem 1.2 (ii) in the special case where χ = Fin is independent of Proposition 2.5 and the main results of Section 4 (but relies on Lemma 4.2 and Proposition 3.4 (i)). In order to ensure in general that our construction has the desired properties we also need the following lemmas. 
and G(M 0 /E) ∈ χ , for every M 0 ∈ Gal(E) which is properly included in M . Then:
(ii) G 0 ∈ Ab if and only if G(M/E) ∈ Sol ; in this case, χ = Nil ;
Proof. Suppose for a moment that G(M/E) has normal proper subgroups 
This, however, means that G(M/E) ∼ = G 0 × G(M/E)/G 0 , which contradicts the assumption that G(M/E) ∈ Nil , and so proves Lemma 5.1 (iii). 
At the same time, it follows from the assumptions of the lemma that Cor (R p Y p )/R p (δ p ) = 0 . Assuming, however, 
Proof. Proceeding by induction on s and applying Galois theory, one reduces our considerations to the special case in which s = 1 and
and Y p be the fixed field of H p . Identifying E sep with its E -isomorphic copy in Λ sep , one obtains from Corollary 4.5 that Br ((
. Now our proof is completed by applying 
applied to the case in which G is a topological product of the groups in R Fin , allows us to assume for the proof of Theorem 1.2 that finite groups are realizable as Galois groups over E 0 . It follows from the choice of E 0 that it has Galois extensions Σ 0,1 and Σ 0,2 in E 0,sep , such that Σ 0,1 ∩ Σ 0,2 = E and each G ∈ Fin is isomorphic to G(Y j /E) , where Y j ∈ Gal(E) and Y j ⊆ Σ 0,j , for j = 1, 2 . Our objective now is to prove the existence of a quasilocal extension E of E 0 with the properties required by Theorem 1.2. The field E is obtained as a union ∪ ∞ n=1 E n of an inductively defined tower of extensions of E 0 . Suppose that the field E k has already been defined, for some integer k ≥ 0 , and denote by T k the image of T 0 = T under ρ E 0 /E k . As T k is divisible, it is a direct summand in Br (E k ) , i.e. Br (E k ) possesses a subgroup R k , such that R k + T k = Br(E k ) and R k ∩ T k = {0} . Hence, by [11, Theorem 1] , there is an extension Λ k of E k , such that Br (Λ k /E k ) = R k and Λ k is presentable as a tensor product over E k of function fields of Brauer-Severi varieties defined over E k . Identifying E k,sep with its E k -isomorphic copy in Λ k,sep , put Σ k,j = Σ 0,j Λ k , for j = 1, 2 . The second of the noted properties of Λ k ensures that E k is algebraically closed in Λ k , so it follows from Galois theory that Σ k,1 /Λ k and Σ k,2 /Λ k have the same properties as Σ 0,1 /E 0 and Σ 0,2 /E 0 . Denote by Z k the extension of Λ k defined as follows: 
Assuming that ∆ k = Θ k , if χ ′ = χ or χ ′ ⊆ Sol , we turn to the definition of ∆ k under the hypothesis that χ = χ ′ = Sol . Let Z(
′ , and Ω k / Θ k be a rational extension with a transcendency basis
Then we take as ∆ k the tensor product over Ω k of the fields Λ Θ
. It is easily seen that Θ k
and Ω k are algebraically closed in ∆ k . Identifying Θ k,sep and Ω k,sep with their isomorphic copies in ∆ k,sep (over Θ k and Ω k , respectively), one deduces from Proposition 4.1 that Br (∆ k / Ω k ) = {0} (and Br (∆ k / Θ k ) = {0} ). Applying Galois theory and Lemmas 3.5 and 5.3, one also proves the following:
